A FAMILY OF REPRESENTATIONS OF BRAID GROUPS ON 
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Abstr act. We propose a family of new representations of the braid groups on 
surfaces that extend linear representations of the braid groups on a disc such as 
the Burau representation and the Lawrence-Krammer-Bigelow representation. 



1. Introduction and Preliminaries 

1.1. Braid groups on surfaces. In the 1920's, E. Artin [5] began to study braids 
as mathematical objects and found a presentation of the group of braids of n 
strands under the binary operation concatenating corresponding strands of two 
braids. Since then, braids have served as convenient tools in various areas of sci- 
ence, especially in physics. Fox and Neuwirth |15) generalized the braid groups 
on arbitrary topological spaces M via configuration spaces and in this description, 
Artin's braid groups was on the plane R 2 . Fadell and Neuwirth [13] found a fiber- 
bundle structure between configuration spaces, and Birman [10] observed that there 
is no interesting braid theory if the dimension of M is greater than 2. It is possi- 
ble to consider braid groups on 1-dimensional complex |16j . But interesting braid 
groups are often obtained on 2-dimensional manifolds and we are also interested in 
these braid groups on surfaces in this arcticle. 

Let Tt(g,p) denote a compact, connected, orientable 2-dimensional manifolds of 
genus g with p boundary components. We set X = Yi(g,p). Let {z°, . . . , z°} be a 
set of n preferred distinct points in £ for n > and let £„ = S — {z®, . . . , z°}. We 
call £„ the surface S with n punctures. 

For integers n, k > 0, we consider three types of configuration spaces as follows: 
The space of fc-tuples of distinct points in £„ denoted by 

P n ,fc(£) = {(zi, ■ ■ ■ , z k ) e S n x ■ • • x £„ | Zi ^ Zj for % ^ j} , 

the space of subsets of k elements in £„ denoted by 

B w ,k(E) = {{zi, ■■■ ,z k } C S„} , 

and the space B n -k(S) of pairs of disjoint subsets of n elements and k elements in 
T, denoted by 

S„ ; fe(S) = {({zi,...,Zn},{z n+ i,...,Zn+k}) I Zi G S, Zi ^ Zj for i ^ j} . 

It is easy to see that B njk (T,) = P n , fe (S)/S fe and B n; fe(S) = P , n +k(^)/S n x S k 
where the symmetric group S^ acts on P ni fc(E) by permuting components of a 
fc-tuple and similarly S„ x S k C S n+ k acts on Po jn +fc(E). 
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The braid groups on a surface E are defined by the fundamental groups of con- 
figuration spaces. Choose a basepoint . . . , z° +fe } in d£ if <9E ^ 0. If E is 
closed, then place it anywhere in £„. The pure k-braid group on E„ is defined and 
denoted by 

P„, fc (E) = 7T1 (P„ jfc (E), (z° n+1 , . . . , z* l+k )) . 
Similarly, the (full) k-braid group on E„ is given by 

B„, fc (£) = tt! (B„, fc (E), . . . , , 

and the intertwining (n, k)-braid group on £ is given by 

B„. fc (E) = tt! (P„ ;fc (S), ({*?, . . . , . . . , z° n+k })) . 

It is sometimes easier to understand if these groups are regarded as subgroups of 
Bq n 4-fe(S). The intertwining (n, A:)-braid group B n .fc(£) is the preimage of S„ x 
under the canonical projection: Bo, n +fc(£) — ► S n +fe. In addition, B„.fc(£) is the 
subgroup of (n + fc)-braids in B„ ; fc(E) that become trivial by forgetting the last k 
strands and P ni fc(£) is the subgroup of (n + fc)-braids in B„ i / £ (E) that are pure, 
that is, the induced permutation is trivial. If the surface E is the 2-disc D we will 
call the braid groups classical . For example, Bo, n (-D) denotes the classical n-braid 
group studied by E. Artin. 

In the 60's and 70's, presentations for braid groups on various surfaces are found: 
on the 2-sphere and the projective plane by Fadell and Van Buskirk [TH [30], on 
the torus by Birman [10], on all closed surfaces by Scott [29]. The study on braid 
groups on surfaces has been revived recently. Gonzalez-Meneses [17] found new 
presentations of the braid groups on surfaces and Bellingeri [3j [4] found positive 
presentations of the braid groups B„ fc(E) for all surfaces E with or without bound- 
aries. In this article, we are interested in braid groups that contain the classical 
braid groups as subgroups. So we will consider surfaces with nonempty boundary 
and will use Bellingeri's presentations. 

We remark that boundary components of a surface can be traded with punctures 
when we consider braid groups. Let E = E(g,p) and E' = £(<?,£> + q). Then there 
are continuous maps i : E 9 —> E' and j : E' — > E g that are homotopy inverses 
each other. The induced maps i : -B n + 9i fc(E) — > B n fc(E') and j : B U} }-(S') —> 
B n+qt kC^) on configuration spaces are also homotopy inverses each other and induce 
isomorphisms j* on fundamental groups 3, 28 . Therefore we may assume E = 
E(<7, 1) by treating all but one boundary component as punctures whenever we deal 
with a surface with nonempty boundary. 

Throughout the article, we use Bellingeri's presentation [3] for the braid group 
B„.fc(E(i7, 1)) given as follows: 

• Generators : 01, . . . , a k -i, 01, . • . , a g , b\, . . . , b g , &, . . . , Cn- 

• Relations 

BR1: [auaj], \i-j\>2 
BR2: a i ajO l = n ,n,a _ . \% - j\ = 1 
CR1: [a,.,erj], [b r ,ai], [Ct,^], i > 1 
CR2: [a r ,aia r ai], [b r ,aib r ai], [Ct, <riGt<ri] 

CR3: [a,., erf 1 a s a 1 ], [a r , erf l b s a{\, [b r , 1 a s a 1 ], [b r , erf 1 6 s cri], r<s 

[a r! crf 1 CuC 1 ], [6 r ,crf 1 C«cri], [Ct, erf 1 C«CTi], t<u 
SCR: o\b r o~\a r o~\ = a r o~\b r . 
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The corresponding result for configuration spaces of pure braids by Fadell and 
Neuwirth can be generalized to show that the projection B„ ; fc(E) — »■ £?o,n(E) is a 
fiber bundle with fiber B n ^{^)- Except for S 2 and BLP 2 , Guaschi and Goncalves [T8] 
completely determined when the short exact sequences of braid groups derived from 
Fadell-Neuwirth fibrations split. In particular, the short exact sequence derived 
from the fibration above 

1 -> B„, fe (E) B„ ;fc (E) B ,„(E) -> 1 

always splits for fe > 1 if E has nonempty boundaries. 

The braid groups are closely related to the mapping class groups. Birman [11] 
determined when surface braid group embeds into the corresponding mapping class 
group. In particular, if 9E ^ 0, Bo, n (S) embeds into the mapping class group 
on E n and so an n-braid on E can be regarded as a homeomorphism of E that 
preserves the set of n punctures. 

1.2. Representations of braid groups. The classical braid groups have various 
representations that can be as simple as taking exponent sums or taking induced 
permutations. The braid action on the punctured disk D n gives rise a faithful 
representation into automorphism groups of free groups and a characterization of 
automorphisms coming from braid actions is possible. Each representation serves 
its own purpose. It is common to try to construct a linear representation to have 
a better understanding of a given group via matrices over a certain commutative 
ring and their multiplications. 

For the classical braid groups, linear representations are abundant. Burau in 
1936 and Gassner in 1961 discovered linear representations of Bo jn (-D) and Po, n (.D), 
respectively. These representations are derived from braid actions on homologies of 
appropriate coverings of D n . These representations take (n — 1) x (n — 1) matrices 
that can also be computed via Fox's free differential calculus on automorphisms of 
free groups mentioned above. The Burau representation is faithful for n < 3 but 
not faithful for n > 5 [5]. The faithfulness of Gassner representation is known only 
for n < 3. 

Lawrence [24] discovered a family of linear representations of Bo >n (-D) via a mon- 
odromy on a vector bundle over P n ^(D). Krammer [22] defined a free Z[g ±1 ,f ±1 ]- 
module V using forks and relations between them and he proved that the braid 
group acts on V faithfully for braid index 4 using algebraic and combinatorial 
argument. This representation is essentially the same as the one considered by 
Lawrence for k = 2 but uses configuration space B n ^{D) instead of P n ^(D) and is 
now called the Lawrence- Krammer- Bigelow representation. Bigelow reinterpreted 
this representation using covering spaces and covering transformation groups in- 
stead of vector bundles and local coefficients. Then the monodromy corresponds 
to the braid action on homology groups of covering spaces as the Burau repre- 
sentation and the Gassner representation were obtained. Bigelow [6] constructed 
a linear representation using homology group H2{B n ^(D)) of the covering space 
B n ,k(D) whose covering transformation group is (q) © (t), and he proved that R<S> V 
is isomorphic to M. <g> H2{B n ,k{D)). Moreover, Krammer [53] and Bigelow [B] in- 
dependently proved that Lawrence-Krammer-Bigelow representation is faithful for 
all n > 1, and so the classical braid groups are linear. Furthermore, Bigelow and 
Budney [7] proved that the mapping class group of genus 2 surface has a faith- 
ful linear representation using the Lawrence-Krammer-Bigelow representation and 
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suitable branched covering. However, Paoluzzi and Paris showed that there is a 
difference between V and #2 (-B„, &)(£>) as Z[g ±1 , t ±1 ]-module for n > 3 and found 
basis for Z[g ±1 , i ±:L ]-module H2(B n ,k(D)) and so the exact definition of "Lawrence- 
Krammer-Bigelow representation" became little ambiguous. 

For any k > 1, Bigelow in [9] considered the braid action on the Borel- Moore 
homology group H? M (B n ^{D)). He obtained a family of representations via the 
induced action on the image of H^ M {B n . k (D)) in iff M {B n . k (D), dB n . k {D)). For 
simplicity, we will directly consider the braid action on the free module iff (B n ,k (D)) 
whose basis can be easily described by forks to obtain a linear representation and we 
will call these representations homology linear representations. The Burau represen- 
tation and the Lawrence-Krammer-Bigelow representation of Bo,n(i?) are homology 
linear representations 

$ fe : B ,„OD) GL ^ n + * ~ 2 ) , E[q ±l , 

obtained from braid action on homologies of covers of B nyk (D) when k = 1 (t = 1 
in this case) and k = 2, respectively [5]- 

In this article, we construct a family of representations of braid groups on sur- 
face with nonempty boundary that extend homological linear representations of the 
classical braid group. In §2, we first try to follow the way how the homology linear 
representations of Bo, n (-D) was constructed via a covering of the configuration space 
B n ,k{D). In the case of the disk, the braid action automatically commutes with 
covering transformation or braids act trivially on local coefficients in other words. 
However in case of surfaces of genus > 1 , this condition forces the variable q equal 
1 (see Lemma r2.6|) . Then the braid action becomes almost trivial. For example, if 
k = 1, the action of of is trivial. In order to get around this problem, we introduce 
the intertwining braid group B n; fc(E) in §3 to replace B„ i fe(E). As we mentioned 
earlier, this group is a semidirect product of B„ i / £ (E) and Bo.n(E). Although the 
braid action does not preserve the local coefficient given by the B ni fc(£) factor, the 
Bo >n (E) factor of B n; fc(£) can adjust the coefficient so that the braid action becomes 
compatible. The coefficient ring for homology representations will also be extended 
in order to give a room to control the braid action in the expense of giving up its 
commutativity so that it becomes more interesting and still preserves coefficients. 
Eventually we obtain representations of braid groups on surfaces that extend ho- 
mology linear representations of the classical braid group (see Theorem I3.2() . And 
we explicitly compute the representations in the form of matrices using a geometric 
argument. We extend the intersection pairing between iff M (f5 n>fc (D)) and its dual 
space Hk{B nt k{D) 1 dB nt k{D)) and use bases for the two spaces that are described 
by "forks" and "noodles" (see Theorem ET4"|) . 

In §4, we argue that the construction of our representations is natural and there 
are no other alternatives if one wants to obtain an extension of the homological 
representation using covers of the configuration space B n ^(D). We show that the 
intertwining braid group B n; /.(£) is the normalizer of B n> fe(£) in Bo, n +/c(E) so that 
the intertwining braid group B n; /-(E) is such a group that is unique and maximal 
if we ignore a meaningless extension (see Theorem I4.2|) . The coefficient ring for 
our representations is the integral group ring of a quotient group of B„ ; fc(E). For 
k > 3, the quotient group is uniquely determined in order to extend homology 
linear representations of the classical braid group. For k = 1, 2, we use the simplest 
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one as long as it serves our purpose. Then we show that the braid action on the 
quotient group is virtually unique (see Theorem 14. 4p . 

Our construction involving the group extension B„ ; fe(S) of B n! fc(E) is purely 
algebraic and does not carry a good geometric interpretation. As a result, some 
of useful geometric tools are not available. For example, the intersection pairing 
mentioned above is not invariant under the braid group action. This seems to 
make it difficult to discuss properties of our representations such as faithfulness 
and irreducibility. Although the corresponding representation of the classical braid 
group is faithful for k — 2 and irreducible for k < 2 E] , both faithfulness and 
irreducibility for our representations are beyond the scope of the current article. 

2. Homology linear representations 

We first review the construction of homology linear representations of the clas- 
sical braid group Bo,„(-D) using the configuration space B n ^ k (D) and then discuss 
the difficulty in extending these homology linear representations to the braid group 
Bo, ra (S) on a surface £ with nonempty boundary. As we noted earlier, boundary 
components can be traded with punctures. From now on, we assume that £ denotes 
a compact, connected, oriented surface with exactly one boundary component and 
that n and k are positive integers. 

2.1. Homology linear representations of classical braid group. Let </> : 

B n! fc(-D) — > G be an epimorphism onto a group G. Consider the covering p : 
B n .k(D) — > B nt k(D) corresponding to Ker</>. Since the classical braid group em- 
beds into the mapping class group of the punctured disk £>„, we may assume we 
have a homeomorphism f3 : B n ^ k (D) — > B n ^ k (D) for each /3 £ Bo, ra - By the lifting 
criteria, /3 lifts to /3 : B rlyk (D) -> B n , k (D) if and only if /3*(Ker^) C Ker0. This is 
equivalent that there is an induced automorphism j3$ on G such that f3$<j) = 4>/3*- 
Now we consider Borel-Moore homology \12\ 119] defined by 

H? M {B nM {D)) = limH i {B nik (D),p- 1 (B nik (D)\A)) 

where the inverse limit is taken over all compact subsets A of B n ^ k (D). 

The middle-dimensional homology group H k 3M (B n ^(D)) is a free Z[G]-modulc 
of rank (" + ^ 2 ) (see [9]) and /3 induces a map /3» : H^ M (B n ^ k (D)) -> H^ M {B n ^ k (D)) 
such that 

for y G G and c 6 Hj^ M (B n:k {D)). Thus the map /3* is a Z[G]-module homomor- 
phism if and only if /3$(y) = y for all y G G if and only if 

(*) 4> = 4>P* for all P S B , n - 

Notice that the condition (*) also implies ,$*(Ker0) C Ker</>. Here we need 
to know that the induced homomorphism /3* depends only on the isotopy class of 
the homeomorphism f3. In fact, since D has a boundary, we choose the basepoint 
• • • , z^ +k ] of B n ^ k (D) in dD and then the isotopy preserves the basepoint 

and gives the same induced map /3*. Consequently, if we choose a group G and 
an epimorphism (f> : B„jt(Z?) — > G satisfying (*), we obtain a family of represen- 
tation $ fc : B ,„(-D) -> Aut z[G] (h^ m (B nM (D))\ into the group of Z[G]-modulc 
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automorphisms on H^ M (B n .k{D)) defined by 

* fc G8) = % : H* M (B n>k (D)) -> H* M (B n<k (D)). 

Because we want to obtain a linear representation, the group G should be abelian. 
By the presentation given in §1.1, H n<k (D) is generated by d, • • • , Cn> °i> • • • > CT fc-i- 
Suppose that : B„ — > G be an epimorphism satisfying the condition (*) onto 
an abelian group G. Each generator Cj of Bo, n (-D) acts trivially on B n ^(Z)) except 

(*0*(CO = CtC>+iC t r i (^t)*(Ct+i) = Ci- 

Then the condition (*) implies that <p(Q) = </>((o'i)*(Ci+i)) = <MCi+i)- Hence for 
k = 1, G is a quotient of (g) and = g for z = 1, . . . , n. For fc > 2, G is a 

quotient of (g) © (t) and <fr(Q) — q, 4>{&j) = t for i = 1, . . . , n and j = 1, . . . , k — 1. 

We define a group Gd and an epimorphism </>£> : ~B nik (D) Gd depending only 
on fc as follows: 



6 D : B n , fc (D) -> G D = 



(?) fc = 1 

(«) e <t> fc > 2 



Theorem 2.1. [51 [21] Let '■ B„^(-D) — > Gd be the epimorphism defined as 
above. Then there is a homomorphism 



$ fe : B ,„(D) -> Aut z[GD] [H^ M {B n>k {D)) 



In fact, 4>i is i/ie Burau representation and $2 is i/ie Lawrence-Krammer-Bigelow 
representation. 

2.2. Naive extension to braid groups on surfaces. Let £ be a surface of genus 
g > 1 with nonempty boundary. Besides the two reasons mentioned at the end of 
§1.1, there are one more reason that makes the assumption <9£ ^ necessary. 
Suppose that <9£ = and f3 6 Bo. n (S) uniquely determines the isotopy class of 
a homeomorphism j3 : £? ni /-(£) — > £? ni fe(£). Then we must choose the basepoint 
• • • , in the interior of S. We can easily find a homeomorphism /3 : 

B n ^{ll) — > B n ^ k {Ti) that is isotopic to the identity via an isotopy that does not 
preserve the basepoint. Then j3 represents the identity element in Bo,n(£) but 
/?* : H k M '(-B„,fc(£)) fljf M (i3 n!fc (E)) may be nontrivial. Thus no representation 
can be obtained in this way if 9£ = 0. 

We need to define when we say that a representation of the braid group Bo.n(£) 
extends homology linear representations of the classical braid groups. 

Definition 2.2. Given a ring R, let M be an R-module on which the braid group 
Bo,n(£) ac ts as R-module isomorphisms. The R-module M is an extension of 
homology linear representations of the classical braid groups Bo.„(_D) if there exists 
a TL\Gr>\-submodule M' of M such that 

(i) It is invariant under the action by the subgroup Bo,n(-D) o/Bo, n (S); 

(ii) For some k > 1, R contains Z[Gd] o,s a subring and there is a Z[Gd]- 
isomorphism from H^ M (B n>k {D)) to M' that commutes with the Bo, n(-D) 
action. 

As in the classical braid cases, we have to look at the action of Bo, n (£) on 
B n; fc(£). The following lemma helps us to observe the action we desire. 
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Lemma 2.3. [TTJ [T3l [18] Let ir n : B n; fc(S) — > .Bo,n(E) be the projection onto the 
first n coordinates. Then the space £? n; fc(E) is a fiber bundle with fiber i3 ni fc(E) and 
the induced short exact sequence 

(»,), 

1 *■ B ni fc(S) >■ B„ ; fe(E) s- B 0: n(S) >- 1 



sprite for all k > 1 . 

This lemma shows that how to decompose a braid f3 £ B n; fc(E) into a product 
/3 = fofc for ft e B 0| „(E) and & e B n , fc (E). Let i : B 0> „(E) -> B„ ;fc (E) be the 
splitting map. Then the above lemma shows that B n; fe(E) can be generated by the 
following two sets: 

Xl = {&!, . ■ . , Cfn-1, Ml, ■ ■ • , Mfl, Ai, . . . , Xg}, 

X-2 = {o"i, . . . , CTfe-i,Ci, ■ • ■ , Cn)A*i, ■ • ■ , MsjAi, . . . , A g } 
where the generators in Xi are the images of generators in Bo, n (E) under the 
inclusion map i. 

Then the action of Bo, n (E) on B n jt(X) is equivalent to the conjugate action 
in B„ : fc(E) if we regard these two groups as subgroups of B n; fc(E). The following 
lemma shows how Bo, n (E) acts on B„ i / C (E) and its proof is straightforward and 
omitted. 



Lemma 2.4. Each generator o/Bo.„(E) acts on B ni fe(E) as follows. 
(1) For 1 < i < n - I, 

CiCi+iC" 1 t = i 

Ci t = i + l 



Oi)*(Ct) = 



(2) Forl<r<g, 

(£r)*(fr) = MrCi/V 1 



(Mr)*(M«) 

(MY)*(A S ) 



MrClMrCf X /V 1 s = '* 

[Mr, Ci]Ms K,Ci] _1 r < s 

ArMrCrVr 1 s = r 

[Mr, Cl] A s [Mr, Cl] _1 »"<S 



(3) For 1_< r <g, 

(A r )*(Ci) = 



(A r )*(Ms) 
(A r )*(A s ) 



KClK VrCl^rCl 1 K 1 S = r 
[Ar,Cl]M« [-V, ClP r < s 



A.CiArCr'A- 1 s 



r 



[A r ,Ci] A s [A r ,Ci] 1 r<s 
(4) vin other generators act trivially. 

We can find the presentation for B„ ; fe(E) using the above lemma as follows. 

Lemma 2.5. The braid group B n; fc(E) admits the following presentation 

• Generators: 

X\ = {a i, . . . , 0Vi-i, Mi, ■ ■ ■ , Mg, Ai, . . . , A g } 

X2 = {o"i, . . . , <7fc_i, Cl, ■ • ■ , Cn, Ml, ■ ■ ■ , Ms, Ai, ■ ■ ■ , A g } 

• Relations: 

(i) BR1 through SCR among generators in X\ 

(ii) BR1 through SCR among generators in X2 

(iii) x" Y yx — (x*)(y) for all x 6 X\,y G X 2 
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where the relations BR1 through SCR are from Bellingeri's presentation in §1.1 
and the action by x* is given in Lemma \2.J\ 

Proof. By Lemma [2~3l the intertwining braid group B n; fc(E) is a semidirect product 
of the normal subgroup B„^(E) and B 0jrl (E) where B 0j ,i(E) acts on B„^(E) by 
conjugation as shown in Lemma 12.41 Then it is easy to show that the semidirect 
product B„ ; fc(E) admits the desired presentation. □ 

For surfaces, the condition (*) implies an undesirable consequence as shown in 
the following lemma. 

Lemma 2.6. Let <f> : B Ilj / c (E) — > G be an epimorphism satisfying <fi = </>/3* for any 
j3 G B„ : fe(E). Then for i = 1, ... ,n, 

#co = i. 

Proof. As seen earlier, the hypothesis on (f> implies that for all y € G and r = 
1, • • • ,9, 

(Mr)tt(2/) = V- 

But by Lemma HOI (2), we have 

Since (n r )$((j)(\ r )) — 4>(X r ) by hypothesis, 4>(Ci) — 1 and so = 1 for all 

1 < i < n by Lemma [2^41 fli. □ 

The previous lemma says that the condition (*) forces to set q = 1 in the group 
Gd- Thus Z[Gd] cannot be a subring of Z[G] and so a naive attempt to obtain a 
representation of the braid group Bo, n (E) using a covering of B n ^ (E) corresponding 
to any epimorphism 4> : B„ fe(E) — > G cannot give an extension of any homology 
linear representation of the classical braid groups. 

3. A FAMILY OF PROPOSED REPRESENTATIONS 

As we have seen in the previous section, we are forced to take a rather small 
covering of B nj fe(E) in order that the condition (*) is satisfied, that is, the braid 
action commutes with covering transformations so that it preserves the coefficient. 
A remedy that we propose in this article is to use the same configuration space 
B nj fe(E) with an extended coefficient ring so that we have some room to adjust 
coefficients to make the braid action compatible with the coefficients. This rem- 
edy is a reasonable thing to do if we hope to construct an extension of homology 
linear representations of the classical braid groups. Indeed, we successfully obtain 
an extension that seems the most general among ones obtained from coverings of 

-Bn,fe(E). 

3.1. Existence of extension of homology linear representation. We first 
consider the intertwining braid group B„ : fe(E). Note that B„ ; fe(E) is a candidate of 
group extension of B ni fe(E) by Lemma 12.31 and Bo, n (E) acts on B„ ; fc(E) by right 
multiplication and acts on B„.fe(E) by conjugate because B„ ; fc(E) is the semidirect 
product of Bo, n (E) and B ni fe(E). 

Let Hy, be the abstract group depending only on k which admits the following 
presentation: for k > 2, 
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• Generators : q, t, mi, . . . , m g ,li, ... ,£ g , mi, ■ . . , m g ,ti, ... ,t g 

• Relations : All generators commute except for the following 

[m r ,£,.] = t 2 , \m r ,£ r ] = [m r ,£ r ] = q 
Let ipY. '■ B n; fc(S) —¥ Hy: be the epimorphism onto a group i?£ defined by 
ih{<Ti) = *> V'e(Cj) = Q, ips(^m) = 1 

and 

^s(Mr) = rn r , 1ps(Xr)=£r, ifeifir) = fh r , 1pv(K) = £ r 

where I < i < k — 1, 1 < j < n, I < m < n — 1 and 1 < r < 5. If k = 1, then we 
define He to be the quotient of the above group by t = 1. Then ifo is isomorphic 
to Gd defined earlier for all k > 1 , and is a subgroup of Hs for any E and fc > 1 . 
Even though Hs (or depends on whether k = 1 or k > 2, our notation does 
not indicate it for the sake of simplicity. 

Let (j>E ■ B n ,fc(S) — » Ge be the restriction of ife to B raj fc(E) onto Gg that denotes 
the normal subgroup , 0s(B„ i fe(E)) of ifs generated by {g, i, mi, . . . , m ff , ^1, . . . ,i g }. 
Then we can find the covering p : B n ^{T,) — > B n ^(Y,) corresponding to Ker^s- 
Since the braid group Bo, n (E) embeds into the mapping class group of punctured 
surface E„, a braid /? € Bo,n(E) determines a homcomorphism fj : £? n ,fc(E) — )■ 
B nj fe(E). Recall that the induced homomorphism /?* on B„.fc(E) is in fact the same 
as the conjugation by i{f3) where l : Bo,n(S) — > B n; fc(E) is the splitting map in 
Lemma 12.31 

Lemma 3.1. Using the notations above, the homeomorphism j3 : S H) fc(E) — > 
S nj fe(E) lifts to a homeomorphism f3 : B n ^(Yl) — » B n ^(Yi) for any /3 £ Bo, n (S) 
and the restriction 4>s of ips satisfies P^4>s = </>e/3* 

Proof. By the lifting criteria, j3 lifts to j3 if and only if /3*(Ker0s) C Ker^s if and 
only if there is an induced automorphism /3j on Gs given by ^j^e = 4>t,P*- Thus 
it suffices to show that <fe/3*(W) = 1 for any W £ Ker^s and f3 6 Bo,„(E). Let 
be a word in generators {/i^, Ai, <x,-, £i} of B„ ) / S (E). Since the presentation for 
i?s shows that any two elements are commutative up to multiplications by central 
elements q and t, we have 

<fe (W) = W(jh <- mi, Aj «- 4^ <-t,Ci <- g) = q c t d Y[m^£^ 

where ^({lEi <r- y^}) denote the word obtained from W by replacing the generators 
Xi's by j/i's. 

Suppose 0s (W) = 1. Then a, = fa; = for all 1 < i < g. Thus for generators 
u r ,y, r ,X r for Bo, n (E), we have 

Mfr)* (WO) = <feWCr <" CrCr+lCr'SCr+l <" Cr)) 

= W(jh <- mi, A l «- £i, at <- t, (i <- q) = 1, 

= W(jJ,i <- mi, A l «- £i, A r «- g _1 ^ r , cr, <- t, Q <- q) 
= q~ K W(tii <- mi, X l <- ^, o-i <- t, Q <-q) = l, 

and <M(A r )* (W)) = 0e(T^(m,- A r CiA; VrCiArCr'A" 1 )) 

= iy(/ii <- mi, fi r <- qm r , A 4 <- I,, a., <- t, Q <- q) 
= q a *W(iu <- mi, Xi <- £i,ui <- t, Ci <- g) = 1. 
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Therefore <fe(P*(W)) = 1 and so $j(<fe(a)) = 4>s(P*(a)) holds for all a 6 B„, fe (E). 

□ 

By the above lemma, we now have a Z- module automorphism /3» on H^ M (B nj k(ll)) . 
Notice that /3* is not necessarily a Z[Gs]-module homomorphism since the condi- 
tion (*) in §2.1 may not hold, that is, the automorphism /3j of Gs may not be the 
identity. 

On the other hand, Bo jrl (S) acts on B„ ; / C (E) by the right multiplication and so 
there is an induced action of (3 on Hy, given by f3 • h = hifrs(/3) for h 6 H^. It is 
possible to alter the induced action by multiplying with a certain function \ from 
Bo jn (5]) to the centralizer of Gy, in H^,. We will closely discuss this possibility in 
Thoerem|4~l 

Using the Z-module automorphism /3* and the action on B n; fc(£) by Bo,n(X), we 
construct a Z[iZs] -module automorphism j3 <S> $* on Z[i?s] ®z[G s ] Hj^ M {B n &(£)) 

by 

OS® /9*)(^® c) = (0 ■ h) ® 0*(c) 
for /iGffjandce Hj? M {B n , k (E)). 

Theorem 3.2. Lef X &e a compact, connected, oriented 2- dimensional manifold 
with non-empty boundary. Let be the group ( depending onk) and -0s : B n; fc(X) — >• 

6e i/ie epimorphism given in the discussion above and let 0s : B rai fc(£) — > Gs = 
0s(B ni fe(E)) 6e i/ie restriction of 'ifc. XTien i/iere is a homomorphism 

$ fc : B„,»(E) -»• Aut z[ffs] (z[ff s ] ® z[Gs] ff fe SM (fl„, fc (E))) 

defined by 

where the action of (3 on H-£ is given by f3 ■ h = hip(/3) for h G 

Moreover, this family (5>k of representation is an extension of homology linear 
representation of the classical braid group Bo, n (-D) in the sense of Definition \2.2l 

Proof. Clearly $^ is a group homomorphism. To see the well-definedness and the 
Z[i/s]-hnearity of <£>&(/?), we assert that 

P-{hti) = {f3-h)p i ,(h l ). 

for all heH^,h' e G E . Then 

08 ® <8 fc'c) = (P-h)® h{h'c) = (J3-h)<E) #j(/i')/3*(c) 

= (/3 • /i)^tt(^) ® /3*(c) = (/3 ® [3*){hh' ® c) = ® /3*)(1 ® c) 

for c € H^ M {B n fc(E)). Here the last equality is clear by the definition of the action 
by/3. 

To show the assertion, choose a € B„ such that <j>s{a) = h'. By Lemma l3Jl 
we have 

Thus 

/3 • (Wi') = MV s (/3) = {h^{p)){^{Pr l h'MP)) = W ■ h)f3 s (ti). 
To show that is an extension of homology linear representations of the classical 
braid groups, we regard an n punctured disk D n as a subspace of £„. Then the 
configuration space B n ,k(D) is a subspace of the configuration space For 
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the coverings : B nt k(JT) — > B n ^(S) corresponding to a connected component of 
P _1 ( B «,fc) is denoted by B n , k (D). Since G D embeds into G s , p\ § n k (D) '■ B n ^ k (D) 
B n ,k(D) is the covering over B n ^{D) corresponding to iP\b„ k (D) '■ &n,k(D) — > Ga- 
in fact, H^ M {B nM (D)) is a submodule of H% M (B n>k (Y,)) as Z[Gr,]-modules. One 
can see this more explicitly in the proof of Lemma [3.31 Each braid (3 £ Bo in (.D) 
gives a Z[£/£>]-inodule automorphism /3(g) /?* on X[HE)]®i[G D ]H k 3M (B nt k{D))- Since 
Gr> = Hjj, this automorphism is the same as (3* on H^ M (B nk (D)), which is the 
homology linear representation of the classical braid group. □ 

In §4, we will show that if one wants to obtain the result similar to the above 
theorem, the extension B„ ; fc(E) of B nj fe(E) is determined uniquely up to redundant 
coefficient extension, and the quotient Hy, is uniquely determined for k > 3 and is 
the simplest for k > 1 in the sense that any proper quotient of does not contain 
G D properly 

3.2. Computation of proposed representations. We now compute an explicit 
matrix forms of the representations described in Theorem l3.2[ which turn out to be 
extensions of the Burau representation and Lawrence-Krammer-Bigelow represen- 
tation of the classical braid groups. The following lemma and its proof show not 
only that H^ M (B n ^(J^)) is a free Z[Gs]-module but also how to choose a basis. 
The lemma is an extension of the corresponding lemma on a disk by Bigelow [9] 
and we borrow the main idea of his proof. 

Lemma 3.3. The homology group Bf M (i? rl! fc(£)) is the direct sum of 

f2g + n + k-2\ 
V k J 

copies ofZ,[Gs] for I = k and trivial otherwise. 

Proof. Let d be a metric on £ that can be either hyperbolic or Euclidean. Suppose 
punctures zj, . . . , z° lie on a geodesic. And let jj be the geodesic segment joining 
Zj and z° +1 for 1 < j < n — 1. For 1 < i < g, let cti, /3j be geodesic loops based 
at that represent the meridian and the longitude of the i-th. handle so that a^s, 
Pi's, and 7j's are mutually disjoint. Let T be the union of all of these arcs so that 
r„ is a disjoint union of open 2g + n — 1 geodesic segments. Consider 

B r = B n , k {T) = {{ Zl ,...,z k } cr n }. 

Then it is not hard to see Br is homeomorphic to a disjoint union of ^a+n+k-2\ 
open fc-balls that can be parameterized by (2g + n — l)-tuples (ri, . . . , r 2g +n-i) of 
nonnegative integers that add up to k so that the i-th. segment of T n contains 
points from {zi, . . . , z k }. 

Let p : i?„.fc(S) — > i? nj fc(S) be the covering corresponding to the epimorphism 
0s : -B nj fe(S) — > Gs- We will be done if we show that 

Hf M {p-\B T ))^Hf M {B n ^)) 

induced by the inclusion is an isomorphism since Hf M (Br) is isomorphic to the 
direct sum of ( 2 9+«+ fe - 2 ) cop ies of H e (D k , S^ 1 ). 

Define the family of compact subsets A £ of £„ defined by 

A e = {{zi, . . . , z k } £ £?„,*,(£) | d(zu zj) > e for i j, d(zi, Z j) > e for all ij} . 



12 



BYUNG HEE AN AND KI HYOUNG KO 



Since any compact subset of i? ni fc(£) is contained in A e for sufficiently small e > 0, 
it suffices to show that 

H i {j>- 1 {B T ),p- x {B T -A e ))^ HeiBn^^-^B^CE) - A e )) 

is an isomorphism. 

Let E c C £ be the closed e neighborhood of T and let B e = Bn^i^t)- Then the 
obvious homotopy collapsing from B n ,k(^) to B e gives the isomorphism 

H^p-^B^p^iB, - A e )) -> ^(B n , fe (S),p- 1 ( J B„ ifc (E) - A e )). 

Let B be the set of {x\, . . . , Xk} £ -Be such that for each there exists the unique 
nearest point in r„. Then B is open and contains A e ri-B e . By excision, the inclusion 
induces an isomorphism 

H e (p- 1 (B),p- 1 (B - A e )) -> Heip- 1 ^)^- 1 ^ - A*)). 
Finally, the obvious deformation retract from B to Br gives an isomorphism 

H e (p- 1 (B), P - 1 (B - A £ )) ->■ H l (j p - x {B r ),p- x {B T - 
that completes the proof. □ 

We remark that B t = B n fc(£ e ) and Br = -B„ j.(F) do not have the same ho- 
motopy type even though F is a deformation retract of £ e . This is because F is a 
1-dimensional complex and movements of points in T avoiding collision are more 
restricted. 

Let I(n,k,g) be the set of (2g + n — f)-tuples of nonnegative integers that add 
up to k. The proof of Lemma 13 . 31 shows that a typical basis for ffjf M (J3 n> fc(E)) as a 
free Z[Gs]-module can be indexed by the set I(n, k,g). The proof also shows that 
a basis for Hj? M (£>)) can be chosen as a subset of a basis for H^ M (B n k (Y>)). 
Thus the homology linear representations for Bo,n(-D) appears in matrix forms of 
proposed representations for Bo,n(S) as minors. 

By the work of Krammcr [22 , 23J and Bigclow HI [9] , it has been known that 
there is a natural and useful way of describing a basis geometrically. Recall the 
loops on, Pi and the arcs "fj from the proof of Lemma 13.31 For (n, . . . , r2 g + n -i) S 
I(n,k,g), choose r» disjoint duplicates of on or /3;_ ff or 7;_2g if f < i < g or 
g + l<i<2gor2g + l<i<2g + n — 1, respectively. For each i, join these 
disjoint duplicates to <9£ by mutually disjoint arcs (that determine a basing). This 
geometric object is called a fork. In fact, a fork uniquely determines a fc-cycle in 
H^ M (B ntk (T,)) by lifting the Cartesian product of k curves together with basing 
arcs in the fork. Notice that the basing is required to have a unique lift. For 
example, the fork corresponding to (0, 2, f , 0, 0, 3) £ 1(3,6,2) looks like the set of 
curves on the left of Figure [TJ 

As Bigelow showed for the case of the disk in [9], the Poincare duality, the 
universal coefficient theorem, and Lemma 13.31 imply that the ordinary relative 
homology Hk(B nt k(S), 9-B n ,fc(£)) is the dual space of the Borel-Moore homology 
H k M (B raj fc(S)) in the sense that there is a nonsingular sesquilinear pairing 

( ,) : iTjf M (B n)fe (£)) x H k {B nik (T,),dB nik {T,)) -> Z[S] 

where S is a skew field containing Z[Gs]- In fact, the group Gs is bi-ordered 
and so it can embed into a skew field such as the Malcev-Neumann power series 
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(a) Fork F (b) Dual noodle N 



Figure 1. An example of a fork and its dual noodle 

ring [21] ■ Explicitly, the above pairing is defined as follows: for cycles F G 
H^ M (B n , k (E)),N G H k {B n}k (£),dB n , k (E)) in each homology groups 

(F,N) = v{F,yN) 

where ( , ) counts the intersection number. 

Let a*, . . . , a*, /3*,...,j3*, 7*, ... ,7* be pairwise disjoint arcs which start and 
end at <9£ and a* (or /?*, or 7*) intersects only ai (or or 7,) once transversely. 
A basis of H k (B nyk (E), dB n ^CE)) by duplicating a*'s or f3*'s or t*'s depending on 
a given (2g + ri — l)-tuples in I(n,k,g). This geometric object is called a noodle. 
In fact, a noodle uniquely determines a relative fc-cycle in Hk{B n ^iJ^) 1 dB nt k(J^)) 
by lifting the Cartesian product of k arcs in the noodle. For example, the noodle 
corresponding to (0, 2, 1, 0, 0, 3) G 7(3, 6, 2) looks like the set of arcs on the right of 
Figure Q] 

For a fc-cycle F determined by a fork, and a relative fc-cycle N determined by 
a noodle, the sesquilinear pairing (F, N) computes algebraic intersections between 
them with Z[Gs] coefficients. This pairing can easily be computed by recording- 
intersections between the fork and the noodle on £. The basis determined by folks 
and the basis determined by noodles are dual with respect to the pairing. 

In the case of a disc, Bigelow [S] showed that this pairing is invariant under the 
action by Bo, n (-D). But in the case of a surface E of genus > 1, it can not be 
invariant under the action by Bo. n (S). In fact, the pairing cannot be preserved by 

any braid group action given by a representation * into Aut Z [ Gs ] 

n,k I ■ 

Suppose it is preserved, that is, for any (3 G B 0jn (E), a fc-cycle F determined by a 
fork, and a relative fc-cycle N determined by a noodle, 

(F,N) = {*(l3)(F),y(P)(N)}, 

then for any y 6 Gs, 

y{F,N) = (yF,N) 

= (*(P)(yF),*(P)(N)) 
= ^(y)(^(/3)(F)Ml3)(N)) 
= fy(y)(F,N). 
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The property y — /3j(y) for all y G Gs forces to set q = 1 in G E and so it was 
abandoned. 

Nonetheless, we can extend this pairing to 

(,} Hs : Z[H S ] ® z[Gs] tff M (B„, fe (£)) x Z[H E ] ® z[Gs] H k (B ntk (E), 0B„ lfc (E)) -> 5' 

defined by 

(» f <- E ^ } = E ft<*i> w 1 

where gi,hj G 7L\Hy\ and 5' is the skew field containing Z[iJs]. Note that this 
extended pairing cannot be invariant under the braid group action given by ^> k 
either. But it can be used to compute proposed representations <S> k explicitly. The 
following theorem summarizes the above discussion. 

Theorem 3.4. Let Fi 's and Ni 's be k-cycles and relative k-cycles in dual bases 
determined by forks and noodles. Then for each (3 £ Bo, n (S) ; <&fc(/3) is represented 
by a matrix with respect to the basis {Fi | 1 < i < ( 2 9+™+ fe ~ 2 )} whose (i,j)-th entry 
is given by 

which is an element ofZ[Hs] rather than of S' . 

As an example, we will show the matrix form of the representation $i of the 
3-braid group 60,3(1]) which is an extension of the Burau representation where 
£ = S(2, 1). Since k = 1, the basis of Hf (_B 3jl (E)) determined by forks can be ex- 
pressed by {71, 72, ai, o?2, Pi, P2} and similarly the dual basis of Hi(B 3y i(E),dB 3il (T,)) 
determined by noodles is written by {7^, 72 , u\, a^, /?* , P2 }• 




(a) Fork /3i and a\ (b) Fork and noodles 



Figure 2. An example of the pairing of a fork and a noodle 

Figure [5] shows the action of cri on the fork f$\. Also it shows intersection points 
P11P2 with 7^ and p 3 with In the covering space, the intersection point pi 
lies on the sheet transformed by q since the fork wraps a puncture, and pi lies 
on the sheet transformed by l\q since the fork contains the longitude of the first 
handle and wraps a puncture. Besides we have the negative sign for pi since the 
orientation is switched. Finally p 3 lies on the sheet containing the base point of the 
covering space. Therefore we have <£>i(<7i)(/3i) = f3\ + q(l — £1)71. By the similar 
computation, we can obtain every entry of $i(cri). 
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Similarly, we can compute the matrix form for k = 2 which is the extension of 
Lawrence-Krammer-Bigelow representation. For g = l,n = 3, by Lemma 13.31 we 
have 10 x 10 matrix for each generator. Fix a basis for H 2 M (B3 )2 (S)) as shown 
in Figure [U Let w M = (0,0,2,0), u>i, 2 = (0,0,1,1), w 2 , 2 = (0,0,0,2), a , = 
(2,0,0,0), a ,i = (1,0,1,0), a ,2 = (1,0,0,1), 6 ,o - (0,2,0,0), 6 ,i = (0,1,1,0), 
ba.2 = (0,1,0,1), and z = (1,1,0,0) in 7(3,2,1). Then the action of o\ on these 
basis is as follows: 

$ 2 (0i)(iUi,i) = tq 2 wi,i 
*2(ci)(wi, 2 ) = -tqwi t i - qwi :2 
<i> 2 ((Ti)(w 2:2 ) = wi t i + (1 + t~ 1 )w\ i2 + w 2 , 2 

*2(cti)(oo,o) = ao,o + 9(1 + - mit)a ,i + q 2 {m\ - (1 + i)mi + l)tui,i 

*2(o"i)(a ,i) = -qa ,i +q 2 t(mi - l)wi,i 
*2(c r i)(a 0j2 ) = ao,i + ao,2 + - ™i)wi,i + ?(1 - "11)^1,2 
* 2 (cti)(6o,o) - &o,o + q(l + t -1 )(l - ht)b ,i + q 2 {i\ - (1 + t)t x + l)w 1A 
$ 2 (oi)(&o,i) = -5*0,1 + 9 2 <(4 - 

$2(0-1) (60,2) = 60,1 + b , 2 + qt(l - li)wi,i + q(l - h)wi, 2 

* 2 ((Ti)(z) = q{t^ - tfi)ao,i + 9(1 - mi)6o,i + 9 2 (1 + mi(<i - 1) - ^1)^1,1 + z 
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Note that the correspondence between the basis {vj t k} in [6] and our basis is given 
as follows: 

vi,2 = -tq~ 4 w 1:1 

vi,3 = -tq~ i (wi t i + q(l - t^wip + q 2 W2,2) 

V2.3 = -tq~ 2 W 2 ,2 

Then the action of $2 on the basis {vj : k} together with substitution t i-> — t is 
exactly equal to that of Lawrence-Krammer-Bigelow representation in [5] . 

4. Justification of proposed representation 

Beside the family of representations proposed in the previous section, we will 
investigate the possibility that there may be other representations of the surface 
braid groups that extends the homology linear representations of the classical braid 
groups. One may try to consider alternatives in the three ways — a group extension 
of B n other than B n .fe(£), a quotient group of B n .fe(E) other than and 
an action on by B 0jn (S) other than the right multiplication via the quotient 
map. 

4.1. Group extension of B n) /s(S). In order to make an adjustment of coefficients 
in the most flexible manner, we may try to find a group extension E n> fc(E) of 
B n) fc(£) such that B ,n(S) acts on E n ,fc(£) and it is as large as possible. If we 
regard Bo, n (S) and B nj fe(S) as subgroups of some large braid group Bo . n+ k+i(T<), 
then Bo, n (S) acts naturally on Bo. I1+ fc + f(E) as well as on B„ j / £ (S) by conjugation. 
Thus we assume that B„^(E) C E„^(E) C Ho, n +k+e (£) for some £ > 0. 

Lemma 4.1. Let £ be a surface with non-empty boundary and £' be a collar neigh- 
borhood of 9E. Let iV(B, i ,fc(S)) denote the normalizer o/B„,fe(E) in Bo.ri+fc+^(£) 
for some I > 0. Then 

JV(B n , fc (£))SB n;fc (£) xB ,<(£')- 

Proof. We first identify B„,fc(£) and B , n (S) to the corresponding subgroups of 
Bo,n+fe+£(S) via the embeddings which add trivial I and k + £ strands, respectively. 
Then we will show iY(B n! fc(£)) = B n; fc(£) x B ,£(£') as subgroups of B ,n+fc+£ (£). 
It is clear that B n;/ t(£) xBo/(S') C 7V(B rii/ t(£)) since B ni fc(£) is a normal subgroup 
of B„ ; fc(S) from the short exact sequence of Lemma \2. 31 and elements of Bo,f(£') 
commutes with those of B rai fc(£). Conversely let j3 G iV(B„ ) fc(E)) C B , n +fc+^(£)- 
Any element a G B nj fc(£) and its conjugate P~ 1 a(3 G B ni fc(S) induce permutations 
that preserve the sets {1, . . . , n}, {n + 1, . . . , n + k} and {n + k + 1, . . . , n + k + £}. 
It is easy to see that the induced permutation of f3 itself must fix the above three 
sets since a can be arbitrary in B„.fc(£). Thus (5 G B„ + fc ; ;(£) and the split exact 
sequence 

1 B n+ /jj(X) s- B„ + fc ; ;(£) ■ B , n +fe(S) 5- 1 

gives a unique decomposition (3 = P1P2 for /?i G Bo,n+fc(£) and /?2 G B„ + fc^(£). 
In fact, /?i = (n n+ k)*((3) £ B ra; fe(E) since the epimorphism (n n+ k)* forgets the last 
I strands or replaces them by the trivial ^-strand braid. 

For any a G B„ ife (£) C B , n +fe(£) C B ,, i+ fc-H>(£), we have {itn+k)*^ 1 afo) = 
/3 2 ~ 1 a/32 since /3 2 ~ 1 a/32 G Bo, n +fe- On the other hand, we have (Tr n+ k)* [fi^ afo) = 
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a since (itn+k)* replaces the last £ strands by the trivial braid. Thus we have 
P^ a Pi = ce. From the presentation of 'B 0n+ k+e(^) in §1.1, it is easy to see 
that P2 £ B n+ fc^(E) must be a local braid in order for /3 2 to commute with every 
element of B„ j / c (S). Thus we have Pi G Bo^(S') where £' is an annulus that is 
a collar neighborhood of <9£ in E. Consequently, we have shown N{R n ^{^)) C 
B n;fc (E) x Bo^(S') □ 

By the above lemma, the extension E nj fc(E) of B„ j / c (S) can be taken as a sub- 
group of B„ ; fc(E) x Bo,/(S'). We remark that B„ ; fe(E) x Bo,j(E') is also a subgroup 
of the intertwining braid group 'B n -k+i(T,). 

Then we follow the construction given in the discussion before Theorem [32] with 
E n , fe (£) replacing B n;fe (E). 

Let i\) : E„.fe(I]) — ¥ H be an epimorphism onto a group H. If we choose an 
action of Bo, n (S) on the extension E„ j / C (E) then the action is carried over H via 
ifj and it is convenient to use the convention that (P1P2) ■ h = p% ■ (Pi ■ h) for 
Pi,Pi € Bo.n(S) and h G H. In order to obtain a Z[i/]-module automorphism 
/3 <8 p* on Z[if] H k M (B n ^(^)) that is an extension of a homology linear 

representation of the classical braid group, this induced action of Bo, n (E) on H 
needs to satisfy the following two conditions: 

(i) Lifting criteria : /3j exists and (3$(<f)(a)) = (j)(P„(a)) for all a G B ra) fc(£) 
where = ip\ Bn:h (vy, 

(ii) Linearity and compatibility : hh'((3 ■ 1) = (3 ■ (hh r ) — (/3 • h)P^(h') for all 

he H,h' eG = (j){B ntk {i:)). 

As in the proof of Theorem 13.21 we then have 

ifi <8> P*)(h ® h'c) = (13(g) /3,)(hh' (g) c) = ® #0(1 <g> c) 

for all h E H, h' £ G and c € M (£?„,*,(£)). 

Theorem 4.2. Suppose that there are an epimorphism ip : E nj fe(E) — » and 
an action of Bo,n(S) on if satisfying the above two conditions. Let be the 
representation obtained from ip and the action. Then 

= lz[H] ®Z[H>] 

/or a representation obtained from an epimorphism ip' : B n; fc(S) — > i?' C H 
and an action Bo,n(S) on H' where lz[H] * s the identity map on 1,[H]. 

Proof. Let H' = {f3 ■ 1 G H\f3 G B ,„(£)} ^(B„ ife (E)) and ip' : B„ ;fe (S) ->• H' be a 
surjection defined by tp'(P) = P ■ 1 for p 6 B 0) n(S) and -0' = on B„ i / c (S). Then 
since 

0W2) = (ftft) • 1 = Pi • CSi • 1) = (Pi ■ • 1) = ip'(pi)ip'(p 2 ) 

for all Pi, P2 € Bo,n(S), 7// becomes a homomorphism and preserves the semidi- 
rect product structure. Also we have 

0' = V>'|B„, fc (S) = V'|B„, fe (E) = 

and so and 4>' induce the same homology group H k M (j3 rafc (E)) and two Z-module 
automorphisms obtained from P coincide. 

Now consider two representations and corresponding to ip and tp' , respec- 
tively. Then ^ k (P) gives a Z[ff]-homomorphism on Z[H] <g) z[G] Hj? M (B n . k (T)) and 
%(P) gives a Z[F'] -homomorphism on Z[H'j ® Z[G] fff M (£„ )i: (E)). Since Z[if] = 
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%[H] ®z[ H >] %[H'], Vk(P) is a Z[ff]-homomorphism on Z[H] ® Z [i?'] 1\H'\ <g> z[G] 
H* M (B n<k (Y,)) denned by 

V k (/3)(hti ®c) = hh'{p -l)®{} m (c) = h® h'{p • 1) g> /3*(c) 

for all ft G Z[H], ti £ Z[£T] and c G H® M {B n fe (£)). This is equal to l z[i?] ® z[iy /] 
*iC8). - - - - n 

The above theorem implies that we may assume that B n; fe(£) C E ni fe(£) without 
loss of generality. Then by Lemma |4~T| E n> fe(£) = B n; fc(E) x B for some subgroup 
B of Bo^(S') and the above theorem says that any family of representations ob- 
tained by using E ni fe(E) is merely a trivial extension of the family of representations 
proposed in §3. 

4.2. Quotient of B n; fc(E). According to the scheme described in Theorem 13.21 it 
is important to find a good epimorphism ip : B n .fe(£) — > H onto some group H. 

Since E is not sphere, the inclusion B n ^(D) ^-s> B n>k (S) induces a monomor- 
phism B„jr.(Z?) B TlJ t(E) (See [11]). Similarly, the inclusion B n ^(D) c — > £? n; fc(£) 
induces a monomorphism B n:/ t(Z?) <— >• B n; fe(E) which will be regarded as an inclu- 
sion. 

We first determine an epimorphism tpo ■ B n; &(.D) — > i/o to extend the map 
(f>D ■ B ni fe(D) — ► G_d for the classical braid groups. Since we want to obtain the 
homology linear representations for the classical braid groups, we should use the 
Hd = Gd and all of extra generators ai, . . . , <r„_i for B n; fc(D) should be sent to 
the identity by tpn as we have seen earlier in §3.1. Then ^>u|b„ *,(£>) = <Ad- For 
some extension H of G^, let ip : B„ ; fc(E) — s> H be an epimorphism. In order to 
obtain an extension of homology linear representations of the classical braid groups 
via ip, the following condition is required: 

(**) i>\u n;k {D) = IpD 



B n , k (D)<- 



4>D 



G 



D 



■B n . k (D)^- 
H D <— 



■ B n; fc(E) 

4> 



H 



Figure 3. Quotients of braid groups on a disk D and surface E 



This condition is nothing but a reintepretation of Definition 12 . 21 and is necessary 
to make the diagram in Figure [3] commutative so that ^>|b„ k (D) — 4>d and we can 
apply the construction of Theorem l3.2l We first show that (**) uniquely determines 
the quotient group H for k > 3. 



Theorem 4.3. Suppose k > 3. 
onto a group H satisfying (**). 



Let ip : B n; fc(E) — > H be an arbitrary epimorphism 
Then H is isomorphic to H^, defined in §3.1. 



Proof. Let ips ■ B n; k(£) — > Hs be the epimorphism defined in §3.1. We want 
to show ip : B„ ; fc(E) — > H factor through Hs, that is, there is an epimorphism 
h : Hy, — > H such that hips = ip- 
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Recall the presentation for B„ ; fc(E) in Lemma [2.51 The condition (**) implies 
ifj{(Ji) — (?,-0(Cj) = an( i ip(vm) — 1 for all 1 < i < k — 1, 1 < j < n, and 
1 < m < n — 1. Since fc > 3, the relation CR1 among generators in X2 is not 
vacuous and so the relation CR1 through CR3 for X2 and the condition (**) imply 

[^(Mr),g] = bl>(K),q\ = {^r)A = m\ r ),t] = [q,t] = 1 
for all 1 < r < g. Also the relation (iii) in Lemma 12.51 implies 

[il>(fir),q] = [i>(Xr),q] = [V> &*»•),*] = [V>(A r ),i] = 1 

for all 1 < r < g. Thus q and i lie in the center of H . Using this, all other 
relations in Hy, can be shown to hold in H . Therefore ip induces an epimorphism 
h-.H^^H. 

To prove that h is an isomorphism, it suffices to show that for any word W in 
generators of H-£, h(W) = 1 implies W = 1. 

Using the relations of H^, we may assume that W is a word of the following 
form: 

W = qH d J\mt^fhf^ 
»=i 

And this is equivalent to 

m a / = WW' 1 U^fh^iA 

where W r = (q c t d l\^ r m^tf mftA . The relation [m r J r ] = q implies m a r r l r = 
q a -i r m%-. Then for 1 < r < g, 

WW- 1 (i b r r fh^^ 1 l r = m a /I r = q a -l r m a / = q^IrWW' 1 U^fh^^ 1 . 

Now apply h and use h(W) = 1 to have: 

hiW-^h (t/fhf^y 1 h(I r ) = h^trMW-^h (frm^t^y 

= Hw-^Hq^h {firffif^ ~ 1 h(£ r ) 

Thus h(q ar ) = 1. Since q is of infinite order by (**), a r = 0. Similarly, we can 
show that b r = a r = b r = in turn. Then the condition (**) implies c = d = 0. 
Consequently, W = 1. □ 

For k < 2, the condition (**) cannot uniquely determine a quotient group of 
B n; fe(S). To take advantage of representations in analyzing the surface braid group 
Bo,n(S), one may prefer a simpler coefficient ring as long as representations carries 
enough information. For the classical case, there are also several groups satisfying 
the condition (*) unless we assume abelian. For the surface braid groups, we cannot 
obtain any interesting representation if an abelian coefficient ring is used as we 
discussed in §2. Thus it is natural to require a kind of minimality for the choice of 
a quotient H of B n; fe(E) in the sense that any further quotient of H violates the 
condition (**). Then He given in §3.1 is minimal for all k and n. The proof of this 
minimality is similar to that of Theorem 14.31 Consequently, Theorem 14.31 forces us 
to use the epimorphism -0s : B„ ; fc(E) — > Hs. 

We now discuss possible actions of Bo, n (E) on He induced from ifc. 
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Theorem 4.4. Let ips ■ B n; fe(S) — > Hs be the epimorphism defined in §3.1. Let 
ft ■ h denote any action on h € He by ft € Bo, n (£) that is induced from ijj-s and 
satisfies the two conditions given above Theorem \4.'2\ Then 

ft-h = h x {ft)MP) 

for some function x ■ Bo, n (S) — > Ch e (Gs) with the property that ( X , ips) : Bo, n (£) — > 
C_f/ s (Gs) x Hx is a homomorphism where Ch s (G^) denotes the centralizer of Gs 
in Hy,- 

Proof. By the hypotheses of the action, we have 

h'(ft-l)=ft-(lh') = (ft-l)ft i (h') 

and 

ft0) = Mvr^'MP) 

for all h' G Gs. By combinig two equations, we have 

MP)~ 1 h'MP) = W^r 1 h'(ft-l). 
and so (ft ■ l)ijj^(ft)- 1 £ G He (G s ). Hence (ft • 1) = xW)^(ft) for a function 
X : B ,„(E) -»• C Hs (Gy). Since x(/3i/3 2 )^(/W = {W ■ 1 = ft 2 ■ (fti • 1) = 
(x{Px)MPi))x{fa)Mfa), we have 

This implies that 

(xiPMifciPifo)) = {x(Pi)MPiMfa)MPi)-\MM) 

Therefore (x, V's) : Bo, n (£) — > Ch s (Gs) X is a homomorphism. □ 

The function x i n the above theorem behaves like a character of Bo.„(S). In fact, 
if k > 2, then it can be shown that Ch s (Gs) = Z(H^) = (q) (t). Hence X can 
be any homomorphism from Bo, n (E) to Z(H^). In this case, the representations 
\l/fc obtained from if> is given by = X ® &k for some character X where is the 
proposed representation in Theorem 13.21 
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